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converges, The quantity 1 (@ 3) becomes zero according to (3.12), From this we obtain
that & -+ r grows without bounds for @ — ot3.

From (2. 8) and (2.11) it follows that O3, €:3”, V3 also grow without bounds for
o —> g

Thus, if one considers only the bounded solutions in the packet of reflected waves,
then a reflected plastic shock wave does not exist,
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An integral equation of the first kind with a difference kernel having a logarithmic sin-
gularity is studied between finite limits, Many plane and three-dimensional mixed prob-
lems of elasticity theory and mathematical physics reduce to such integral equations,

A method is proposed for the effective solution of this equation for small values of the
characteristic dimensionless parameter A in the kernel, The principal part of the solu-
tion is extracted for small A and the residual is sought in the form of some series of
Laguerre polynomials, A certain infinite algebraic system is obtained to determine the
coefficients of this series, An approximate solution of the integral equation with isolated
characteristic singularities is found by truncating this system,

As illustrations, problems on the effect of a strip stamp on an elastic half-space and
the impression of a stamp into an elastic strip are considered.

Certain papers of Popov [1—3] were the impetus to the development of this method,
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1. Let us consider the integral equation

1
Ve Bt =af@),  feist (1.1)
-1

Here A & (0, oo) is a dimensionless parameter,

The kernel of the equation is representable by the Fourier integrai
o0

M(y) = Q E () cos uydu (1.2)
0
Let us assume the following as regards the function L (u).
1) L (w)/ u is an even, real, continuous function, and strictly positive for all
e (—oo, o)

)L(u)~1+|ul+ +O0(u|?®) for |uj—c (1.3)
3) L(M)NALL for u—0 (A = const >0)

Certain plane contact problems for a strip, wedge, a number of contact problems for
cylindrical bodies, problems on the impression of a strip or annular stamp in an elastic
half-space, etc, , reduce to the integral equations of the type (1.1)—(1. 3).

There holds [4—~6] relative to the integral equation (1,1)—(1. 3).

Theorem 1.1, Letthe function f (z) be such that ' (x) satisfies the Holder
condition for | £ | < 1 with exponent at,where 0 < @ << 1. Then (1,1)—(1, 3) is
uniquely solvable in L, (—1, 1), 1 << p << 2 forall A & (U, o) and its solu-

ton. 1s q (&) == (1 — B Q (§) (1.4)
where the function Q (&) is at least continuous for | §| < 1.
Furthermore, taking account of the known theorem of Krein [7], let us limit ourselves
to the analysis of the case f (x) = f.
Theorem 1,2, If for some A & (0, oo) ,the function o(B) &= Ly(0,),
1 << p << 2 is asolution of the integral equation

¢ 2
Comme—na={[o@+L]ulp+o—2d o<i<e (15
" an

then the solution of the integral equation (1.1) for f (%) =/ in the class L, (—1, 1)
is found by means of the formula

q(x)ﬁm(ier)—%-m(La—m)ﬂ—%xv =<1 (1.6)

Conversely, if ¢ (z) = Ly, (—1,1), 1 << p << 2 is a solution of (1.1) for
f (x) = f and some A & (U, oo), then the function ® (b) defined in conformity with
(1.6), is a solution of (1. 5) in L, (0, oo).

Proof. letus cons(i»der the system of three integral equations [8]:

Sv(E)M(\&';z‘)dE,—_—nf (— o< e < o) .7
c§w< 14}:&‘)!‘4( E‘;x )dg__—"gl [m(l E >+v(E,)]M( E,;:c )d&(—1<x<m)
21 \ N B

[ee]
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By adding (1,7) it is easy to see that if the solution of this system is known, the solution

of (1,1) has the form ( {4z 1 —
gley=0{—% )+(0 T-)+v(x), fz] <1 (1.8)
There still remains to take into account that the first equation in (1, 7) has the solution
v (z) == f (AN (1.9)

and the second and third equations in (1, 7) reduce to (1, 5) by obvious changes of vari-
ables, The converse assertion of the theorem follows at once from the uniqueness of the
solution of (1,1).

Corollary 1.1, Equation (1,5) is uniquely solvable in L, (0, oo) for all
hez (0, o).

2. In constructing effective solutions of the integral equation (1. 1), the idea of utiliz-
ing the smallness or largeness of the parameter A naturally arises, This results in the idea
of utilizing asymptotic methods [8] to investigate (1.1).

For ladge A the asymptotic methods are based on the extraction and exact inversion
of the integral operator corresponding to the logarithmic part [6] of the kernel M (y).
Namely,(1.1) is written as

1
E=aj@+{ 1@F(75)a,  jzi<t @G
—1

1
£E—z
- _Sl 1@ | =5
where the function F (y) is the regular part of the kernel for all A > 0 ; it can be shown
[6] that under the conditions (1, 3) it is at least continuous on the segment [yl << 2/ 4 ,
Furthermore, the integral equation (1, 5) is solved either by successive approximations
according to the scheme

—Slqi(za)[ln[ Sl

— 7 O] de= 1 @)+ i 01 © (_"z-:;i> +F <0)}da
, 3 \

jz]<1 @.2)

or is reduced to an infinite algebraic system, To do this the solution ¢ (§) is represented
as

@)= D) S8,T, EU—Ey)"" (2.3)
n=0

and the fact is utilized that the Chebyshev polynomials Ty (E) are eigenfunctions of the
operator

1
B(Q)=__1_S QE) 1njg—zyaz (2.4)

A Vi— E?

Asymptotic methods for small A are based on the utilization of the equivalent equa-
tion (1. 5) in place of (1,1) and the exact inversion of the Wiener-Hopf operator on the
left, The specific solution of (1. 5) can be obtained by successive approximations by
means of the scheme

iﬁo [0 @+ L (B+b—

2 }dB, 0<hb< o (2.5)
2/A

@

NCR ORIy - 2
0

or by reducing the integral equation (1, 5) to an infinite algebraic system [5, 8, 9]. The
method of reduction to an infinite system, developed in [5, 9], does not directly afford
the possibility of obtaining a solution with the characteristic singularity (1 — a2y
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extracted at once (see (1.4)). A new method of reducing (1. 5) to an infinite system
will be given below which is based on knowing the eigenfunctions of some Wiener-t1opf
integral operator, and permits obtaining the solution at once in the form (1,4),

We shall later need some results from papers [1, 3] where the validity of the follow-
ing relationships is shown:

o0
ﬁ ml'i/;— L1(21) Ko (v — tydv —"71 e L (2t 2.4i)
. p m
0
oo T - gl
> U V'l e TE -l {_ -ty/2
\ _%__—E__}_e“mko (t—)dr = ¢ ljm_:_ ) (2.7)
-" 1 (;—rrc 2 m

Here K, (2) is the Macdonald function, L% (z) are Laguerre polynomials, Uy, (x)
Chebyshev polynomials of the second kind

Iy (2) = — In [ th{mz/4)], T = VIR Em)![(2m — 1N 2.8
3, Let us represent the integral equation (1.5) as
(oMK, (v—tydv = —(emN@E—nart (3.1)
0 0
+\ [cp(wr s) -i-—i,—fs]K(r +0dt (<t <)
0

Here we use the notation
B b 2

=% L =5 M(y)jK(%), o (A7) = @ (7}

[ee]

K@) =K )+ N3 =

L (w].A)
. 2
0

D

c0s wzdw (3.2)

and K (2) or ko (2) can be taken equally successfully as K, (z). The essence of the
method proposed below will not thereby be altered, Furthermore, for definiteness, let us
assume K, (z) = K, (2).

Let us seek the solution of (3,1) in the form

@ (1) = @o (1) -+ @; (7) (3.3)

where Qg (T) and @, () are determined, respectively, from the integral equations

Q Po (1) Ko (T — t)d1 = {— fsg Kyt dt 0<t< ) (3.4)
i "

(o @ Ko(r- ndr=—\ (9@ + QN (F—0dr+  (35)

A slNe+na+ laE 9t aEral K@+ 0de o<
; ;

The solution of (3. 4) can be obtained by the Wiener-Hopf method [10] and is
Qo (1) — 0.5 fs [D (V1) + (sut)~fet — 1] (3.6)
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Here @ (x) is the probability integral,
Let us expand @, () in a series of Laguerre polynomials

X
—t 1
D D) AnLn (2t) 3.7)
Vi nZ,
where the coefficients 4 ,,are representable as

Ap =T (—=1D"V2 —apnl, an=V2Uaym F(—m, 1;Y:2) (3.8

Here F (2, f; y; 8) is the hypergeometric function, and the constants &,, can also
be found from the following recursion relations:

m - Ay = —(zm—‘ Hhn [(2m+ 2)“]_1 (m=0,1,...; a0 =1)

B0 (1) = fs

Now let us expand the functions N (v — ), N (v + ), Ko (v -+ ¢) in series of
Laguerre polynomials, We obtain

N(v41) = D tmbE (V) e 'Ly (20) (3.9)

Ko(v+1t)=n D dp(t) e Ly’ (20) (3.10)
o0 e_t B

b (1) :§ N(vt) Ly (2t) dt (3.11)

The functions d,, (t) (m = 0, 1, ...) have the form [1]

[e0]

V32 Mgt
A (V) = =€\ ——oam
“ S (¢+2)"

(3.12)
Evaluating the integral [11] in (3,12), we obtain
dn (V) =V Zm@2m — D) Dogmy 2V T) (m=0,1,...) (3.13)

Here D, (x)are parabolic cylinder functions, For % a negative integer, D, (z) are

expressed [11] in terms of the function E rfc (z / ¥ 2). It can be shown that d,, (1)
should satisfy the relationship

(dnmdr=(—1)" V2 -0, m=01,..) (3.14)
0
Let us seek the function @, (f) in a form analogous to (3,7)
—t e ,
e L 19
t m=9

Inserting (3. 7), (3. 9),(3.10) and (3.15) into (3, 5) and utilizing (2. 6), we obtain the
following infinite system to determine the B ,:

Bm":’_‘cm““‘ 2 (An"i"];n)(—‘"an"{’“Hnm"*“Mnm) (m=0, 1,...) (516)

n=90

Here we have introduced the notation
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R rm
oz 2l @de, Ry =12 K&un V-Lu(anr
]
& e F 1, .
Han =1\ 20 102 w4 510 (.17)
6»;\\ ::n ?,O gf ":E';}-n (T} k(
Mo = —— \ e L. 12(v +8))dt (mon=01,.. )

i}

Utilizing the integral 7,414(8) in [11] and the known relationships

oo v.o)
R cos uzdre = 18 (1), Q sin uxdx - —%w (8 (1) —is delta function)
0 0

the constants Cpand 7, can be represented in the following form convenient for cal-
culations

, VI= 0" ¢ wq T T
('IR == —M‘M_TT;‘(;M S m Sin i{zm ‘E _.:,.“‘23 '\.p det’{v
2= 8 | :
R, — ( 1‘)r = (\: ~ L) cos |2(n —m)Pldu (3.18)

1L e
AT
1

1 @ 1 ‘
”@“TLiﬂWVFﬁ’wamw mom =04,

Taking account of (3,13}, the constants I, can be evaluated by using integration

by parts and 3,364(3) in [11], Let us present the expressions defining these constants
for some values of n and m

9;' s e
202
S

fog - 510t 1,01

Hip= 5[ (2~ Ry ) + (= 4 K@) |+ f:?}} (4 Le

1%1x4Hm+2(ﬁf&”S (3.19)
258 i‘f"i.? % 28 K ’
s 0 2 Mt D 60 . .
L%Qﬁ;wg%;ﬁmyﬂ

Here XK, (s) are the Macdonald functions, Taking account of (3,11} the constants
M, can be transformed into

) (-*~i3m Vi, & (1)
M R
o

Yo () (3.20)

nm T

(-t uy'h

STy v
Yum (@) = e Re J g -itams }LQ e L,} 22 (T 4 s (XT}K

The functions ¥,» (#) can be evaluated by using formulas 3,362(2) in [11]. For
example
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Yom (1) = —ﬂT)—V‘— Re {e-l@m+1) d+:ufi Fpfe ( l/m))} (m=0,1,...) (3.21)
Let us now turn to the question of solving the system (3,16), As computations show,
for A <Z 1 terms containing the unknown coefficients B, in the right side of the system
can be neglected with adequate accuracy for practical purposes, Afterwards, the sum in

the right side can be represented as an integral on the basis of the relationships (3. 6),
(3.7). When j < 2, terms containing M, ,, in the right side can be neglected in solv~
ing the system, After the solution of the system, the function ¢ (z) is found by means of
(1.6),(3.2),(3.3),(3.8), and (3,15). The following expression

_ f[p + 2 ZI B, g e '/’(217)(117]

m=90

(3.22)
Py=Q2s+1) D (Vs) —s+ 2V s/ne

can be obtained for the integral characteristic of the solution

P =\ q(z)dz

l{/.n-‘
A

4. As illustrations, let us consider the following contact problem of elasticity theory:
(a) the problem of the impression of a smooth strip stamp in a half-space [1, 4, 8, 12],
and (b) the problem of the impression of a stamp in a strip lying frictionless on a rigid
foundation [13], For the problems (a) and (b), respectively, the function L (u) is

(b) L) = ch2u —1

(@ L= shZu 4 2u

Vari + r’ @1

Let us solve the system (3,16) by the truncation method. Keeping a finite number of
terms in the series (3,16) and solving the system thus found, we obtain an approximate
solution of the problem, As numerical computations show, in order to obtain a practically
exact solution for A < 2 , it is sufficient to limit oneself to the solution of a system of
two or three equations,

For the problems (a) and (b) being considered, the solutions of the truncated systems
for A = 2 comprised of one, two, and three equations, respectively, are

(3) (1) B, = 0.0212,  (2) B, = 0.00210, B, = 0.00212
(3) B, = 0.00328, B, = 0.00171, B, = 0.00121

(by ) B(, = —0.0431 (2) B, = —0.0556, B, = 0.0800
(3) B, = —0.0471, B, = 0.0828, B, = 0.00985

From (3, 22) we obtain an approximate expression to determine the force

P=[{Py+2Vad®(Vs)Bo+[4Vse — Vad(Vs)Bi+ (4.2)
F B Vad(Vs)—4sVse ’|By)
Let us present the values of the quantities P, = P, Q, = f2Q (1) and Q,=f1Q (0)
(the first, second, and third approximations), calculated for A = 2 for the problems (a)

and (b) by the formulas in the present paper and the formulas obtained by the method
of large A [8].
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P* Qi Q2
(8 () (&) (b (a) (b)
(1) 2.00 2.84 0.585 0.737 0.685 1.069
(2) 1.95 2.73 0.5867 0.776 0.668 0.971
(3) 1.95 2.75 0.569 0.795 0.68% 0.970
8] 1.96 2.75 0.580 0.795 0.669 0.964

In conclusion, let us note that the mentioned method can be utilized successfully to
investigate problems on the impression of a sufficiently broad ring stamp in an elastic
haif-space if it is taken into account that the eigenfunctions of the Wiener-Hopf integral
Operat(}f 50 o (1 % 1/ )

, 2 VT (a4 Yetu) T (g — Halu 4.3
A== g T dr - _ ] - cosu (t —t)du (4.3)
+? T e mar ) U (3fy -+ oiu) T Bfa — Yalu)

¢
are known [2]. ’
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